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Certain entire functions are studied for Chebyshev rational approximations on 
the positive real axis. It is shown that each function of this class has a geometric 
convergence property. 
1. INTRODUCTION 
Let n, denote the collection of all real polynomials of degree at most m 
and =,,, the collection of all real rational functions T,,,(X) = Pm(x)/qn(x)I 
PmE7T,, qnE”n* Let f(z) be an entire function C& akzk + 0 with non- 
negative &, and let 
denote the Chebyshev constants for llfin [0, + co). 
In some recent papers Meinardus and Varga [3], Meinardus, Reddy, 
Taylor and Varga [4], and others (see [l, 5, 6, 7, 81) have considered these 
constants. In [3] Meinardus and Varga proved the following: 
THEOREM A. Let f(z) = xz=‘=, akz” be an entire function of perfectly 
regular growth order p(0 < p < w), with nonnegative coeficients. Then 
1Z+m o<e<m sntx, - f;x, lim sup __ __ I I II1/n = &Q ’ 
where s,(x) = zz=, akxk. 
THEOREM B. Assume the hypothesis of Theorem A. Then for any sequence 
{m(n)}lo of nonnegative integers with m(n) < n for all n 3 0 
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THEOREM C. Assume the hypothesis of Theorem A. Then 
lim sup(&P 3 &$ . 
n-+cc 
In this paper we pIace a less restrictive hypothesis on the maximum 
modulus M(r,f) and obtain extensions of Theorems A, B and C. The proof 
uses Approximation techniques of Meinardus and Varga [3] with modifica- 
tions necessary to use a wider class of comparison functions. 
THEOREM I. 
(a) Let f(z) be an entire function with nonnegative coeficients and 
f(o> > 0. 
(b) Suppose that f(z) is of order p(0 < p < co) and of perfectly regular 
growth with respect to a proximate order p(r), that is 
(1.1) 
Let p(r) > Ofor r 3 x0 , and let o be a real valuedfunction defined on [x0 , co) 
by the relation 
o(p(x) x’(5)) = l/p(x). 
(c) Assume that xo(x){log x - log ep> is convex on (x0, co). 
‘Then 
where s,(x) is the nth partial sum of the series f(x) = C& akxk. 
(1.2) 
U-3) 
For any sequence {m(n)}ZzO of nonnegative integers with m(n) d n for all 
n Z 0, 
lim sup&bdl/~ < &. 
n-tee 
(1.4) 
COROLLARY 1.1. Assume the hypotheses (a) and (b). If p”(x) exists and 
is 0(1/x= log x) as x + o[), then the condition (c) is satisfied and the conclusions 
(1.2), (1.3) and (1.4) hold. 
Let &x denothe the kth iterate of the logarithmic function Z,x = log x. 
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COROLLARY 1.2. Assume the hypothesis (a). Zf 
log M(r, f) - Ar“(@)“’ *.* (&r)“L(A > 0, p > 0, 
(r’s are any real numbers) then the conclusions (1.2), (1.3) and (1.4) hold. 
In the sequel n > n, (or x > x0) will mean that n (resp. x) is sufficiently 
large. The value n,, (or x0) will in general vary. 
2. PROOF OF THEOREM 1 
(i) It is known that [9; pp. 209-2101 w(x) is continuous on [x, , co) and 
x = { yw( y)jw@). Further w(x) is differentiable for x > X, except at isolated 
points at which w’(x - 0) and o’(x + 0) exist and satisfy 
?‘% 44 = l/p, lim xw’(x) log x = 0. x-m (2.1) 
Letf(z) = CF=‘=, akzk. Given E > 0 we have [9] for all n > n,(x, , E), 
(2.2) 
and there exists a sequence {n,} of strictly increasing positive integers such 
that lim,,, n,+l /n, = 1 and (writing an, = a(n,)), 
a(np)l’np > (1 - 6) 141 
I I 
-w(n,) 
ep 
, p = 1, 2,... (2.3) 
Now, for n > no , 
Write, for n > no, 
(la+2kdn+2) (n+lhJ(n+l) 
JXn> 1 = 
1+~ 
( n + 2 1 
ep 
( eP 
n+l 
1 9 
6, = exp (&), T* = & and let 0 < x < X(n)(l - 6,). 
Using the convexity hypothesis we have 
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Let n be odd, n + 1 = 2n, . Then 
{s,(x)}2 > uynp)X2n, 
w(2n,) - w(n,) = 0 Low - 1 1 )
3) 
4 + 2) - f-4 + 1) = 0 (-&-J. 
(2.5) 
From (2.3), (2.4) and (2.5) we have for 0 d x < A%)(1 - a,), n = 2% - 1~ 
P > no * 
( 
& - -&)1’n < (=)‘(I -+ c> exp 1 -“;z?):,, 2 I. (2.6) 
If x > X&)(1 - 8,), n = 2n, - I, we have 
( 1 1 -_- ha(x) - fc4 ) lb < (u(nJxq--l~~ 
6 exp I -“p (log X(n) + log(l - S,) - log & 2n, - 1 
- +b) +Jg nD - log ep))/. (2.7) 
Now 
log X(n) - o(n,)(log n, - log ep) = log +C + +,)(I + log 2) + a(l), 
and 
exp I - $- (1 + log 2)/ < exp ( -‘y 2 ), 
Hence we have from (2.1), (2.6) and (2.7), for x > 0 
Now write for II > n, , 
; 
then since G, 4 and izp+I N n, , we get from (2.8) (cfi [3]), 
(2.9) 
II $4 - fk II 
IIn 
liin’ sup - - < exp 
n+a k 
-log 2 
1 P . (2.10) 
640/25/r-1 
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(ii) Let 4(t) be th e unique (for t > x0) solution of the equation 
Then for t > x0(e), 
t - xd”). 
2,- (2.11) 
Hence for 0 < x < r&z), n > n, , 
0 G f(x) < f(+(4) < exp ((1 + 4 $1. 
Let q be any positive number such that 
lim s~p(h~,,)~/~ < 1 . 
4 n-tm 
(2.12) 
From part (i) we can take log q > (1 + l )/2p. Hence for 0 < x < &I), 
f(x) < nQ. Now (2.12) implies that A,,, < (l/q)n for n > n, . Hence there 
exists {P&)]~+ with pn E 7rr, such that 
II 
- - 
p,ix) - j;x) Ii G f ’ 
n > n, . 
This gives, for 0 < x < d(n), 12 > n, , 
I P,&) - fWl B exp (F (1 + d))/[q” - exp ($ (1 + 4)1. (2.13) 
K, 3 (‘(n))n+l a,,, . 
pa+1 
Now, for a sequence {n,}, k >, 1 [9], n = nk , 
a(n + 1) > (1 - ~)~+l z 
I I 
(n+lkdn+l) 
Hence we have for n = n, , n > n, , 
(1 _ ++1 [g'n+l'utn+l) 
(2.14) 
Q 12an+1 exp (a (1 + +)l/[+W+l lq” - exp ($- (1 + 4)/] 
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which simplifies to 
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n log q < ; (1 + 4 - (n + 1) log(l - 4 + (n + 1) 4n + 1) /log -$ 
+ (2n + 1) log 2 - (n + 1) log qw. (2.15) 
Let $(r) be the unique solution (for T > x0) of the equation 
T _ = .pd* 
P 
(2.16) 
Then for n = pxo(“) = pr’L(x) we have x = #(n); and for IZ > n, , 
and so 
Now 
and so 
W(H) = w(p@)P(“)) + 0 (&) 
= p+ygy+o(+-). 
I 
(2.17) 
log I#@) - log d(n) = + + o(l), 
w(n)(log n - log(ep)) - log &z) = log “,- 1 + 4). (2.18) 
From (2.15) and (2.18) we get 
log q 6 ; + 2 log 2 + 
log ‘,- 1 + BE 
where B = B(p). Since E is arbitrary we get 
q < 23+1/o, 
and consequently, from our choice of q, 
lim sup A:(,” > l/22+1/o. 
n+m 
(iii) For x < x0, n > 0, 
an+1 
p+l 
{fW2 * 
(2.19) 
(2.20) 
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We take n = np - 1 and use (2.3). Further, for x > x,, , 
Xn+l VW’ > exp{(n + 1) log x - (2 + E)x~(~)}. (2.21) 
Let x = t(n) (n > n,) be the unique solution of the equation 
n+l 
(2 + 4P 
= XP("). 
We evaluate the right side of (2.21) when x = s(n), and note that 
(2.22) 
(log n,I& - w(n) = o(1). I 
Hence at the point x = t(n), n = n, - 1, 
ST& - f& 
--n94hXlog n9 - log CP) - - 3 (1 - E)~, exp 
I 4-s log &4 - ndp I . 
Now log t(n) = (log@ + 1) - log(2 + c) - log p)/p(&n)), and so 
Hence by (2.9) 
lim inf Gi” > exp 
W-*,--l 
9-m 
Since G, J, and n,,, - np we get 
I --log 2 P -1. 
liF+$f Giln > exp ( -‘p 2 ). (2.23) 
The relation (1.2) follows from (2.10) and (2.23), and (l-3) from (2.10) 
and (2.19), and (1.4) from (2.10), since 0 < A,,, < A,-,,, < ... < A,,,, < G, . 
3. PROOF OF COROLLARY 1.1 
Since p”(x) exists (this hypothesis implies that we are working with a 
smaller class of proximate orders (cf: [2, pp. 3941]), p’(x) exists and is 
0(1/x log x). Now if y = p(x) x 0(Z) and o(y) = l/p(x), we get dw/dy = 
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o(1 /JJ log JJ), d2w/dy2 = o(l/y2 log JJ), y + co. Now let [(x) = xw(x) 
(log x - log ep), then for x > x,, , d%$/d$ > 0. This implies that condition (c) 
is satisfied. 
Proof of CoroIIgry 1.2. Here 
rptT) = r2(r) = Ar”(Q)“’ **a (lkr>Bn. 
Hence p”(x) = 0(1/x2 log x) and so we use Corollary 1 .l to complete 
the proof. 
4. GEOMETRIC CONVERGENCE 
If we are interested in geometric onvergence only, that is, in showing that 
lim sup Xii: < 1, 
n+m (4.1) 
then conditions less restrictive than those of Theorem 1 will suffice. We 
state them, in Theorem 2, and omit the proof of this theorem (cf: [4, pp. 
lSO--1821). Let L(r) be a slowly changing function [2, p. 321. 
THEOREM 2. Let f(z) be an entire function with nonnegative coe#icients, 
and f(0) > 0, and of finite positive order p. If for some sIowly changing 
function L(r), 
0 < lim inf logr$ij ‘) < lim Sup logr~~~j ‘) < co, 
l-00 ++a 
then f (z) has the geometric convergence property (4.1). 
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